It is shown that the effective interaction strength of three bosons at small collision energies can be extracted from their wave function at zero energy. An asymptotic expansion of this wave function at large interparticle distances is derived, from which is defined a quantity D named three-body scattering hypervolume, which is an analog of the two-body scattering length. Given any finite-range interaction potentials, one can thus predict the effective three-body force from a numerical solution of the Schrödinger equation. In this way the constant D for hard-sphere bosons is computed, leading to the complete result for the ground state energy per particle of a dilute Bose-Einstein condensate (BEC) of hard spheres to order ρ 2 , where ρ is the number density. Effects of D are also demonstrated in the three-body energy in a finite box of size L, which is expanded to the order L −7 , and in the three-body scattering amplitude in vacuum. Another key prediction is that there is a violation of the effective field theory (EFT) in the condensate fraction in dilute BECs, caused by short-range physics. EFT predictions for the ground state energy and few-body scattering amplitudes, however, are corroborated.
I. INTRODUCTION
The ground state energy per particle of a dilute BoseEinstein condensate (BEC) is (1) plus higher order terms in number density ρ, where a is the scattering length, w ≡ 4π/3 − √ 3 = 2.4567 · · · , and E ′ 3 is a constant. The first three terms in this expansion were discovered, respectively, by Bogoliubov [1] , Lee, Huang, and Yang [2, 3] , and Wu and others [4] [5] [6] .
The E ′ 3 term has remained the least understood. It was known to Wu [4] that E ′ 3 is given by a parameter E 3 for the ground state energy of 3 bosons in a periodic cubic volume [4] , plus many-body corrections. Braaten and Nieto fully determined these many-body corrections using the effective field theory (EFT) [7] but, like Wu, they left undetermined a parameter g 3 (κ) for the effective strength of the three-body force near the scattering threshold [7] , which is related to Wu's parameter E 3 [4] . [The difference, g 3 (κ) − g 3 (κ ′ ), is known for any momentum scales κ and κ ′ [7] .] For bosons with large scattering length, g 3 (κ) was recently computed using the EFT [8] . For other model interactions, Braaten et al [9] used the Monte Carlo (MC) results of the energy density [10] to extract E ′ 3 but, because of statistical uncertainties of the MC data that are difficult to reduce, they did not obtain satisfying answers [9] . In summary, g 3 (κ) remains unknown for almost all bosonic systems.
In this paper this three-body force and a few related properties of the N -body system are studied. Implications for dilute Bose-Einstein condensates are also explored.
We know that the interaction of two bosons at low energy (E ≪ 2 /m boson r 2 e and E ≪ 2 /m boson a 2 , r e = range of interaction) is dominated by the two-body scattering length a, while a is present in the small-momentum expansion of the two-boson wave function at zero collision energy and zero orbital angular momentum:
Analogously, the effective interaction strength of three identical bosons at low energy should be present in the small-q expansion of the wave function of the same three bosons at zero collision energy and zero orbital angular momentum, φ (3) k1k2k3 . It is shown in this paper that this is indeed the case. For small momenta q i ∼ q (
where G q1q2q3 ≡ 2/(q 4 ), is a suitable parameter for the three-boson interaction. [11] The definition of the three-body parameter in Eq. (3) permits one to determine this parameter in an elementary way, namely by solving the three-body Schrödinger equation in free space and matching the solution to Eq. (3) at small momenta or its Fourier transform at large relative distances.
In Sec. II of the present paper, φ
q1q2q3 is expanded to the order q 1 at small momenta [Eqs. (40)] and, correspondingly, its Fourier transform expanded to the order R −7 at large relative distances R [Eqs. (45)]. Although the parameter D first appears in the latter expansion at the order R −4 , three higher order corrections are determined, to facilitate much more accurate determinations of D from numerical solutions to Schrödinger equation at not-so-large relative distances.
In Sec. III, the results of Sec. II are applied to bosons interacting through the hard-sphere (HS) potential. By solving the 3-body Schrödinger equation numerically the author found D HS = (1761.5430 ± 0.0024)a 4 .
In Sec. IV the ground state of three identical bosons in a large periodic cubic volume of side L is determined perturbatively in powers of L −1 . The energy is expanded [12] to the order L −7 ( = m boson = 1): 
where r s is the two-body effective range. In Sec. IV B Wu's parameter E 3 [4] is expressed in terms of D; E 3 for hard-sphere bosons is then found [Eq. (109)].
In the rest of Sec. IV the N -boson energy and momentum distribution are found. The importance of the parameter u 0 [defined in Eq. (2)], which is absent in the effective field theory, is stressed. General formulas for the BEC energy and condensate depletion are obtained [Eqs. (118) and (119)].
In Sec. V the scattering amplitude of three bosons at low energy is computed [Eqs. (135)]. After a discrepancy between Ref. [7] and our result at r s = 0 is resolved, g 3 (κ) of Ref. [7] is expressed in terms of the scattering hypervolume D [Eq. (136)]. The ground state energy per particle of a dilute Bose gas of hard spheres is finally determined to order ρ 2 [Eq. (139)].
II. ASYMPTOTICS OF φ (3) AT SMALL MOMENTA OR LARGE RELATIVE DISTANCES
We consider identical bosons with instantaneous interactions that are translationally, rotationally, and Galilean invariant, and finite-ranged (ie, limited within a finite interparticle distance r e ). So the 2-body interaction 1 2 U k1k2k3k4 conserves momentum, is invariant under rotation or any equal shift of k i 's (1 ≤ i ≤ 4), and is smooth. Also, because of Bose statistics, we can symmetrize U with respect to the incoming (outgoing) momenta without losing generality [13] : U k1k2k3k4 = U k2k1k3k4 = U k1k2k4k3 = U * k4k3k2k1 (the last equality is the Hermiticity condition). Similar properties are held by the 3-body interaction, 1 6 U k1k2k3k4k5k6 . We will consider scattering states only. Units such that = m boson = 1 are used.
A. Two-body special functions
This subsection is in preparation for the rest of the paper. We define 2-body special functions in the l-wave channel (l is even for identical bosons), with zero magnetic quantum number along the directionn: φ
where
For l = 0, we write these functions simply as
and similarly for the other functions. The amplitudes of these functions are fixed by the following equations at r > r e :
where P l is the Legendre polynomial [P l (1) ≡ 1], and the l-wave scattering phase shift δ l at low energy k 2 satisfies:
where a 0 = a, r 0 = r s , r
, and a 6 = a i . Now define harmonic polynomials
The following more general formulas in the momentum space are directly related to Eqs. (8) (by Fourier transformation):
where i = √ −1 = i, and Z/k 4 and Z/k 6 are generalized functions (in this paper Z is merely a symbol and not a number):
Z/k 4 and Z/k 6 have −∞ values at k = 0 to cancel certain integrals shown above. They inevitably arise from the Fourier transformation of functions such as |r|. The Z-functions are more completely described in Appendix A.
The infinite series such as
n (r), and g
n (r) from Eqs. (8) at r < r e . Since r e < ∞, these series are convergent.
The superscripts of u i will be omitted at l = 0. From Eqs. (6) and (11) we derive that at small k
For any unknown X k we have the uniqueness theorem [15]:
The following identity is needed in the analysis of the momentum distribution of N particles at low density (ℜ stands for the real part) [16] :
B. Asymptotics of φ
From this point on, we let q's be small momenta and q i 's scale like q 1 , while k's be independent from q's. We will derive the following asymptotic expansions: 
, and similarly for p 2 , p 3 ,
k ′ is the shorthand for
At small q's we have Taylor expansions:
Now we fix the overall amplitude of φ (3) (
q1q2q3 ≡ (2π) 6 δ(q 1 )δ(q 2 ) + higher order terms. Because δ(λq) = λ −3 δ(q), δ(q) scales like q −3 . So s ≥ −6 for T (s) , and
So 
where t (n,s−n) q,k scales like q n k s−n . Note also that S
q,−q/2+k,−q/2−k ]. Therefore, the asymptotic expansion of S (s1+3)q k at small k has been determined to the order k −3 :
Equations (24) and (25a) ensure the continuity of the wave function φ (3) across two connected regions. Extracting all the terms that scale like q s1+3 from Eq. (18), we get
, we take it as formal input. Solving Eqs. (25), with the help of (6) and (11), we thus determine S (s1+3)q k . The uniqueness of the solution is guaranteed by (13 Step 1. S
Step 2. With the help of Eqs. (12) , and noting that
Expanding T
(−5)
q,−q/2+k,−q/2−k at small q, we get all the functions t (n,m) qk for n + m = −5; shown below are those in the range −2 ≤ n ≤ 3 (zeros are omitted):
Step 3. S
Step 4. Using the same method as in Step 2, we get
At small q we have the following expansions (named "Z-δ expansions"; see Appendix B for details):
, where
and for brevity higher order terms [which can readily be obtained from Eqs. (31)] are not shown.
Step 5. S
at small k, and
Step 6. This is similar to Steps 2 and 4.
(34) Doing the Z-δ expansion (Appendix B), one finds that T
. For brevity only one of the terms is shown here (to be used in the next step):
This equation remains unaffected if both |a|'s in the logarithm and in the subscript of Z are replaced by any other length scale simultaneously, because of Eq. (A10).
Step 7. Substituting
k . Because the right hand side does not depend onk or q, we can introduce a single function d k , which is independent ofk and satisfies
and get
does not depend onk or q. Noting Eq. (11a), we can now
Step 8. This is similar to Steps 2, 4, and 6. Extracting all the terms that scale like q 0 from both sides of Eq. (17), and solving the resultant equation, we get
The subsequent steps are similar to the above ones but considerably lengthier; details will not be shown. At the completion of Step 14 the following results are accumulated:
qk is a quadratic polynomial of q [and for any rotation r, d (2) rq,rk = d (2) qk ], and
, and ω 1 is a coefficient in the following Taylor expansion at small k:
The other symbols in Eqs. (40) are defined previously: a, r s , r
qk , and φ (g) qk in Eqs. (6) and (11), u i and f 0 in Eqs. (11) with
(10) with l = 2, and d k in Eqs. (36) .
At the order q 2 in the expansion of φ
q1q2q3 , one will encounter another 3-body parameter,
[Another contribution at the same order, χ 1 (q
, is smooth and contributes nothing to the Fourier-transformed wave function at large relative distances.] D ′ is independent from D for general interactions.
In general, if one expands φ (3) q1q2q3 to the order q m , one will encounter a total of exactly
independent 3-body parameters that contribute to the Fourier transform of φ
q1q2q3 at large relative distances, where
, and "round" rounds to the nearest integer.
C. Asymptotics of φ (3) (r1r2r3) at large relative distances
We consider the asymptotic expansions of φ (3) (r 1 r 2 r 3 ) in two different limits: 1) the distance r between two bosons is fixed, but the distance between their center of mass and the third boson, R, is large, or 2) all three interparticle distances, s 1 , s 2 , and s 3 , are large but their ratio is fixed. These two expansions are respectively
where τ ≡ ln( γR/|a|), t ≡ ln( γB/|a|), γ ≡ e γ = 1.78107 · · · , γ is Euler's constant, and
(46) R 1 = r 1 − (r 2 + r 3 )/2, and similarly for R 2 and R 3 ,
B cos θ i , and
The terms up to the order R −6 on the right hand side of Eq. (45a) derive from (40a); those of the order R −7 , however, are inferred from Eq. (45b) and the continuity of φ (3) (r/2, −r/2, R) across two connected regions: r ∼ O(r e ) and r ∼ O(R) (they join at r e ≪ r ≪ R), and also the Schrödinger equation at large R
where H is the coordinate representation of the hamiltonian H for two-body relative motion [Eq. (7)].
III. LOW-ENERGY EFFECTIVE INTERACTION OF 3 HARD-SPHERE BOSONS
In this section, we consider the hard-sphere (HS) interaction. The 2-body potential V (r) = 0 (r > 1), V (r) = +∞ (r < 1) (a = 1 in this section), and there is no 3-body potential. We numerically solve Schrödinger equation at zero energy in the coordinate representation, in conjunction with Eq. (45a) at large R, to determine D. [19] For 3-body configurations excluded by the repulsive interaction, φ (3) vanishes; for allowed configurations, φ (3) satisfies the free Schrödinger equation. So
is nonzero on the boundary B between these two regions only (in fact, it has a δ-function singularity on B). Thus
for some function
′ is the cosine of the angle formed by the line connecting two bosons with distance 1 and the line connecting their center-of-mass to the third boson, × 2s
is the translationally and rotationally invariant Green function,
where −1 < c < 1 and R > R min (c). From Eqs. (49) and (51b), we get 53), we get the asymptotic expansion of F (R, c) at large R:
where Q is directly related to D: It can be shown from Eqs. (52) (at large R) and (54) that
Solving Eqs. (52) and (56) for F (R, c) and Q numerically, [using F
(1)
′ greater than some sufficiently large value in these two equations, and discretizing F (R ′ , c ′ ) for R ′ less than this value], the author finds Q = 5.290 844 ± 0.000 005.
Substituting this result into (55), we obtain Eq. (4).
IV. GROUND STATE OF 3 BOSONS IN A PERIODIC CUBIC VOLUME
In this section we return to the general interactions considered in Sec. II. The 3 bosons are now placed in a large periodic cubic volume of side L, and
is the small parameter.
A. Ground state wave function and energy
Let A n1n2n3 ( 3 i=1 n i ≡ 0) be proportional to the probability amplitude that the bosons have momenta 2πǫn i (i = 1, 2, 3). We shall call n i an integral vector, since its Cartesian components (along the sides of the cubic volume) are integers.
where summation over dumb momenta is implicit, and "· · · " stands for two other similar pairwise interaction terms, is rewritten as
(2π) 3 , and
In the following, k's will be taken as independent of ǫ but q's be small momenta such that q/ǫ's are independent of ǫ. Also, I ǫ (k) and J ǫ (k) will be simply written as I(k) and J(k), respectively. Let
The following expansions will be found:
, and E (s) scale with ǫ like ǫ s (not excluding ǫ s ln ǫ). Equation (64a) is understood in the following sense: we expand the Fourier transform of ψ k1k2k3 within a large but fixed spatial region in powers of ǫ, and then transform the result back to the k i -space term by term, to obtain s R (s) k1k2k3 . Equation (64b) is similar: we expand the partial Fourier transform, k ψ q,−q/2+k,−q/2−k exp(ik · r), within a large but fixed region of the r-space, for fixed q/ǫ, in powers of ǫ, and then transform the result back to the k-space term by term, to obtain s S (s)q k . Obviously
Therefore T
and
that the minimum values of s for R (s) k1k2k3 and S (s)q k are 0 and −3, respectively. Since the energy is dominated by pairwise mean-field interactions, E ∼ ǫ 3 . The Fourier transform of I(k) becomes δ(r) within any fixed spatial region, when ǫ is sufficiently small. Using the prescription in Appendix B, we thus get:
Using this result, and also noting that the interactions are finite-ranged, we get three specialized forms of Eq. (59) (accurate to any finite order in ǫ):
where R, S, and T are the sums of R (s) , S (s) , and T (s) , respectively, and in Eq. (66c),
where q/ǫ's and k's are indepedent of ǫ, k i ∼ k, and t
For the same reason as Eq. (25a), we obtain the following asymptotic expansions at small k's:
Extracting all the terms that scale like ǫ s1+6 from Eq. (66a), we get Because of Eq. (63),
vanishes at q 1 = q 2 = 0. Solving Eq. (66c), we get E = c 0 ǫ 6 (so now E is known to the order ǫ s1+9 ) and
where (and thus T q1q2q3 ) to the order ǫ s1+1 . The truth of Statement (s 1 + 1) is now established. Repeating the above routine, one can formally determine A n1n2n3 and E to any orders in ǫ. The following are the stepby-step results of this program.
Step 1a. R (0) , R (1) , and R (2) satisfy the zero-energy Schrödinger equation [because of Eq. (70)]. They will all be determined in this paper. From Eq. (65) we get t
Step 1b. t
Step 2. With the help of Eqs. (12), and noting that
Using the method of Appendix B, we get
, and similarly for l 2 , l 3 .
The above lattice sums are evaluated in Appendix C. One can easily extract t Step
Step 3b. From (HS (−2)q ) k = 0, and t
, we get
Step 4. This is similar to Step 2.
The three subscripts of J q1q2q3 are always subject to the constraint 
The actual formulas for X (s) q,k (s = −4, −3, −2; see Steps 6 and 8 below) are not needed in this paper. For s ≥ 1,
from which one can easily extract t
. Here
is evaluated in Eq. (C18).
Step 5a. From t
′′(2,−6)
k1k2k3 and Eq. (70), we get
Step 5b. From (HS (−1)q ) k = 0, and t
In preparation for the subsequent steps, we derive
where ρ B1 (n), ρ AA1 (n), and α 1A1 are defined as follows. For s ≥ 0,
It can be shown that at large n
We define some 2-fold lattice sums:
, and α 1B1 are evaluated in Appendix C.
Step 7. From
k is defined in Eq. (22b), we get
where d k is defined in Eqs. (36) , 
See Appendix C for the evaluation of C 0 (and C 1 in Step 9.).
Step 8. This is similar to Steps 2, 4, and 6. With the help of Eqs. (12) and (39), we get
In preparation for the next step, we derive
is a 3-fold lattice sum (evaluated in Appendix C).
Step 9. From
and [note that t
we get
where 
and the actual formula for Y (q, k) is not needed in this paper.
Step 10. Substituting the latest results for S q k and R q1q2q3 into Eq. (66c), extracting all the terms that contain the factor (2π) 6 δ(q 1 )δ(q 2 ) from this equation, noting that T q1q2q3 − (2π) 6 δ(q 1 )δ(q 2 ) vanishes at q 1 = q 2 = 0, and using Eqs. (12) and (39) to simplify the result, we get
Substituting the numerical values of the lattice sums (see Appendix C) to the above equation, we get Eq. (5).
We will not proceed to determine T (−1)
q1q2q3 in this paper.
B. Results for Wu's parameter E3
Wu computed the three-boson energy in the large periodic cubic volume to order L −6 , and he left an unknown parameter E 3 for the three-boson interaction strength at low energy [4] . E 3 is needed to determine the full order-ρ 2 correction to the many-body energy [4] . [20] and then adopted by [4] ; the symbols ξ s in Ref. [4] equal α s /π s ; the symbol E 3 in Ref. [4] is now expressed in terms of D of the present paper: There are 6 expansion formulas for A n1n2n3 , each of which is valid in a sub-region of the discrete momentum configuration space:
where n's are nonzero vectors of order unity, N's are large vectors of order L/ max(r e , |a|) (r e is the range of the interac- 
D. Momentum distribution
The expectation value of the number of bosons with momentum 2πn/L is N n = c all n ′ |A n,n ′ ,−n−n ′ | 2 for some constant c such that all n N n = 3.
For any nonzero integral vector n of order unity and any large integral vector N of order L/ max(r e , |a|), we have
where N c satisfies 1 ≪ N c ≪ L/ max(r e , |a|); in Eq. (111b), n ′ ± n/2 and N ′ ± n/2 have integral Cartesian components. Substituting Eqs. (110) and using Eq. (14), we get
Solving all n N n = 3 [using Eq. (14) again], we get
One can derive higher order results for N 's from Eqs. (110).
Equation (113a) shows that the depletion of the population of the zero momentum state depends on the parameter u 0 at the next-to-leading order in the volume expansion.
Given φ(r), one can compute u 0 and r s from the formulas
Because φ(r) = 1−a/r outside of the range of the interaction, the integrands are nonzero within the range only. Because there exists a two-body potential V (r) = φ −1 (r)∇ 2 φ(r) for any function φ(r), Eqs. (114) indicate that u 0 is in general independent from a and r s .
After repeated failure to find a general relation between ℜu 0 and any finite number of parameters in Eq. (9), the author conjectures that such a relation does not exist at all [22] . Because the EFT [9] is formulated in terms of parameters in Eq. (9) along with 3-body, 4-body, . . . parameters, the twobody parameter u 0 is absent in the EFT.
E. Generalization to N bosons

Results
To understand the ground state energy and momentum distribution of dilute Bose-Einstein condensates (BECs), the author generalized the above calculations to N bosons (N = 1, 2, 3, 4 . . . ).
Solving the N -boson Schrödinger equation perturbatively in powers of 1/L, using the same finite-range interactions as above, the author obtained the volume expansion for E up to the order L −6 , and found that it exactly agrees with Beane, Detmold, and Savage's result for E [23] which was derived with zero-range pseudopotentials [23] , if the three-boson contact interaction parameter η 3 (µ) in Ref.
[23] satisfies
where 4Q + 2R is a number defined in Ref.
[23]. It is the combination η 3 (µ) − 48a 4 (4Q + 2R)/π 2 that appears in their formula [23] for E. In summary,
where P is a well-determined [23] power series in 1/L with a and N as the only parameters, and n i = n! i!(n−i)! . In addition to the energy, the present author obtained the following results for the momentum distribution:
Equations (117), unlike E, can not be derived from the zerorange pseudopotentials or the effective field theory. [Even in Eq. (117b), the L −4 correction will contain the short-range parameter u 0 .]
Implications for dilute Bose-Einstein condensates in the thermodynamic limit
Let a > 0. Let ρ = N /L 3 . At large N there are two different low-density regimes (and an intermediate regime between the two), depending on the box size L:
• L ≫ N a, so that L is small compared to the BEC healing length ξ ∼ (ρa) −1/2 ;
• N 1/3 a ≪ L ≪ N a, and the system is a dilute BEC near the thermodynamic limit (L ≫ ξ).
The 1/L expansions for the energy and the momentum distribution are valid in the first regime only. In the second regime, they diverge like
i . Nevertheless, one can infer many properties of the BEC in the second regime.
Now we tentatively take the thermodynamic limit (ρ fixed, N and L large) of the 1/L expansions of E 0 = E/N and x [see Eq. (117a)]. Each term that remains finite is retained; each term that diverges must be rendered finite by a resummation [3] that includes all similar, but higher order (and increasingly more divergent) contributions [3] .
Thus the mean-field energy term for E 0 is reproduced. The logarithmic term ≈ −32πwa 4 ρ 2 ln(L/a) is rendered finite by a resummation that changes L to O(ξ), yielding precisely the same logarithmic term as in Eq. (1). The leading nonuniversal terms (in the sense that parameters other than a contribute) become ρ 2 (D/6 + 2π 2 a 3 r s ). Comparing these findings with Eq. (1), we infer that
plus higher order terms in density ρ, where C E is a universal constant that remains the same for all Bose gases. Because E 0 was computed by Braaten and Nieto [7] , a comparison will be made between Eq. (118) and Ref. [7] (in Sec. V D).
The contributions to x that depend on a only are divergent in the thermodynamic limit. After a resummation that includes higher order terms in N a/L (analogous to Eq. (55) of Ref. [3] ), they must reproduce Bogoliubov's well-known formula x = − 2 r s ); because this term comes from the short-range behavior in two-body collisions, it must extend into the thermodynamic limit. Combining these observations with an EFT prediction for the condensate depletion [9] (which should be valid through order ρ 1 at u 0 = a 2 r s = 0, at the very least), we infer that
plus higher order terms in ρ, where C x is another universal numerical constant. Thus the nonuniversal effect in the quantum depletion of the condensate is larger than the EFT prediction [9] by a factor of order (ρa 3 ) −1/2 at low density, if
This disagreement is entirely caused by the fact that the momentum distribution at k ∼ 1/r e ≫ (ρa) at zero temperature, if the two gases have the same number density and scattering length.
V. LOW ENERGY SCATTERING AMPLITUDES OF THREE IDENTICAL BOSONS
In this section we compute the T-matrix elements of three identical bosons at low energy. We will compare our results with a similar calculation in Ref. [7] , to establish the relation between the parameter D in the present paper and the threebody contact interaction parameter g 3 (κ) in [7] .
The interactions are the same as in Sec. II. The T-matrix is denoted with roman type T below, since the italic T is already used for the wave function components.
A. 2-boson scattering amplitude
The two-boson T-matrix can be expressed in terms of the scattering phase shifts [24] ( = m boson = 1):
where ±b and ±q are the momenta of the two bosons before and after the scattering, respectively, and q = b.
At small q we apply Eq. (9) to the above formula and get
The first two terms in this expansion agree with Ref. [7] , and all higher order corrections disagree, since the effective range r s is not included in [7] . Equation (121) agrees with Ref. [9] where r s is taken into account.
B. 3-boson scattering amplitude
Equation (121) can be alternatively derived from a systematic perturbative solution to the two-body Schrödinger equation at incoming momenta ±b and energy E = b 2 :
where −iη specifies an outgoing wave (η → 0 + ).
Similarly, from the stationary wave function Ψ q1q2q3 describing the scattering of three bosons with incoming momenta b 1 , b 2 , and b 3 , and energy
one can extract the three-boson T-matrix elements:
Here P refers to all 6 permutations of "123",
, and similarly for h 2 , h 3 .
Let b i ∼ q i ∼ q be small. We determine Ψ perturbatively next.
The equations for Ψ here are formally identical with Eqs. (66) in Sec. IV, except for three differences: 1) the box size L = ∞ here, so I(q) ≡ 1, 2) E ∼ q 2 here, instead of 1/L 3 in Sec. IV, and 3) the leading contribution to Ψ q1q2q3 is
q1q2q3 in the limit E, b i → 0, and the calculation here will be a generalization of Sec. II to nonzero incoming momenta. So we use the same symbols T ( = T) and S as in Sec. II, in the asymptotic expansions
where T
(s)
q1q2q3 and S (s)q k scale like q s (not excluding q s ln m q). When E, b i → 0 but q's and k are fixed, the (complicated) results for T (s) and S (s) in this section will reduce to the much simpler ones in Sec. II.
When the three bosons all come to a region of size ∼ r e (radius of interaction), effects due to a nonzero E are small. So at momenta
(129) Employing the same systematic expansion method as in Secs. II and IV, we obtain the following results (listed in the same order as they were obtained): 
The momentum-independent term in this expression is proportional to D − 36π 2 a 3 r s , while the leading nonuniversal contribution to the BEC energy [in Eq. (118)] is proportional to D + 12π 2 a 3 r s . We conclude that they can not be absorbed into a single 3-body contact interaction parameter g 3 , unless the two-body effective range r s = 0. This disagrees with Ref. [7] .
C. Comparison with Ref. [7]
If r s = 0, Eqs. (135) then agree with Ref. [7] . To see this, we use the power series for the 2-boson T-matrix to expand the last term in Eq. (77) of [7] (note that q 12 in [7] is twice h 3 here), and get all the 4 terms in Eqs. (135) of the present paper which contain G E qj bi . The quantity T 1PI 1 of [7] corresponds to the first term on the right hand side of Eq. (135b) above; the finite contribution to T 1PI 2 in Eq. (80) of [7] corresponds to the last term of Eq. (135c) above. The sum of the divergent [7] , but dimensionally regularized [7] , terms in T 1PI 2 and the 3-body term − g 3 (κ) + δg 3 (κ) [7] can be expressed in terms of c E 2 defined above:
where c MS = 18w ln(2π) + 1 − γ + √ 3 2δ ′ + 9 ln 3 − 18 64π 3 = 0.055 571 793 27.
The momentum-dependent terms in Eqs. (135) thus completely agree with Ref. [7] at r s = 0. Further matching the constant terms, we find the relation between the 3-body parameter g 3 (κ) of Ref. [7] and the scattering hypervolume D defined in the present paper at r s = 0: At r s = 0, the discrepancy between Ref. [7] and our result, Eqs. (135), disappears if r s is included in the effective field theory. The 2-boson interaction vertex becomes [9] i(−8πa − 2πa
where k c /2 ± k and k c /2 ± k ′ are the momenta of the two bosons before and after the interaction, respectively. k = k ′ if a virtual particle is involved. The tree diagram contribution to the 3-boson T-matrix, Fig. 5.(a) of Ref. [7] , is modified as 
D. Implications for the BEC energy and other properties
The BEC energy per particle at zero temperature was computed to order ρ 2 by Braaten and Nieto [7] . The result, Eq. (96) of Ref. [7] , is expressed in terms of g 3 (κ).
Although the three-boson scattering amplitude receives r s corrections as shown above, the BEC energy per particle does not suffer from r s corrections at order ρ 2 in the thermodynamic limit, if it is expressed in terms of g 3 (κ) [9] .
Using Eq. (136), we can now express Braaten and Nieto's result for the BEC energy [7] 
The present author did an independent calculation of C E , using finite-range interactions (details to appear elsewhere), and found C E = 118.498 920 346 444 (exactly rounded),
which is nearly the same as Eq. (137). For a dilute Bose gas of hard spheres, using Eqs. (4), (118), (138) and r s = 2a/3, we obtain the following result for the constant defined in Eq. (1):
This completes our calculation of the ground state energy per particle of a dilute Bose gas of hard spheres, through order ρ 2 . For a dilute Bose gas with a ≫ r e (r e is the range of interparticle forces), Braaten, Hammer, and Mehen found that E ′ 3 is near 141 [8] and has a small imiginary part associated with 3-body recombination [8] . In comparison to this system, a hard sphere Bose gas with the same scattering length a, number density ρ, and boson mass, has an energy density that is larger by a relative fraction ≈ 26ρa 3 , a pressure that is larger by a fraction ≈ 52ρa 3 , a speed of sound that is faster by a fraction ≈ 3 2 × 26ρa 3 = 39ρa 3 , and a specific heat that is smaller by a fraction ≈ These differences, ie nonuniversal effects, must extend to finite temperatures, including both T < T c and T ≥ T c . (Their magnitudes will change when T is raised.)
For T /T c ∼ O(1) and ρa 3 , ρr 3 e ≪ 1, the thermal de Broglie wavelength greatly exceeds r e and a, so the interaction is well described by the constants a, r s , and D, etc.
The nonuniversal corrections to T c , as an extension of the calculations reviewed in Ref. [27] , are of particular interest. Is the leading order nonuniversal correction determined by r s , or D, or both? The present author speculates it is perhaps by r s alone, and is of the form c ′ ρa 2 r s T 0 c , where T 0 c is the critical temperature of the noninteracting Bose gas, and c ′ is a universal numerical constant.
VI. SUMMARY
We have shown that the three-body force near the scattering threshold can be predicted in a way very similar to the two-body force, ie, by solving the Schrödinger equation at zero energy and matching the solution to the asymptotic formula for the wave function at large relative distances. This approach is applicable to the n-body force as well.
Although in this paper an explicit calculation of the threebody force is given for hard spheres only, one can apply the general formulas, Eqs. (45), to many other interaction potentials, to predict the effective three-body forces. The unknown wave function has 3 independent variables only, because of the translational and rotational symmetry, and is not very difficult to study on a present-day computer.
The author believes that the asymptotics of the three-boson wave function at large relative distances found in this paper is also applicable to composite bosons with finite-range interactions. For weakly bound dimers of fermionic atoms, the two-dimer scattering length a d ≈ 0.6a f [28] , where a f is the atomic scattering length, but the parameters r s and D for these dimers are still unknown, which must be computed to determine the equation of state of many such dimers [28] [29] [30] more accurately [31] .
We have expanded the ground state energy of three bosons in a large periodic volume to the order L −7 , using a perturbation procedure that resembles the derivation of the smallmomentum structure of φ (3) . The result, Eq. (5), may be combined with a Monte-Carlo simulation (for nonrelativistic particles such as atoms) or Lattice QCD simulation (for low energy pions) to determine the three-body force. Equation (5) suggests that, to determine D accurately, L should greatly exceed 17a in these simulations, or the higher order corrections can overwhelm the lower order terms.
To extract D from N -body simulations in volumes of modest sizes, one may find it helpful to derive a systematic expansion of E at large L, but fixed N a/L, corresponding to the intermediate regime discussed in Sec. IV E 2.
For pions, the Compton wavelength is comparble to a and r s ; whether the relativistic corrections modify the form of Eq. (5) is a question of interest.
We have computed the scattering amplitude of three bosons at low energy to O(E 0 ), using finite-range interactions. Our result, Eqs. (135), disagrees with an EFT prediction [7] at r s = 0. By including r s corrections in the EFT, however, one can eliminate the discrepancy completely. The resultant relation between g 3 (κ) and D, combined with the many-body energy formula of Ref. [7] , and the three-body force computed in the present paper [Eq. (4)], solves a longstanding problem of theoretical interest, namely the complete second-order correction to the ground state energy of a dilute Bose gas of hard spheres. The result shows small differences between this system and a dilute Bose gas with large scattering length considered by Ref. [8] .
We have studied the energies and momentum distributions of N bosons in a large volume, from which we deduce the energies and condensate fractions of dilute BECs with sizes greatly exceeding the healing length. The result for the energy, Eq. (118), agrees with the effective field theory, but the condensate depletion, Eq. (119), disagrees. It is found that at low density, even the population of the zero-momentum state, or the off-diagonal long-range order [32] , is affected by shortrange physics missed by the EFT.
Although the three-body force is usually a small correction to physical observables in a dilute BEC, dramatic effects may be obtained near a three-body resonance [8, 33] . Alternatively, one may reduce the two-body force by tuning the scattering length to a zero crossing [34] . At a = 0 the BEC ground state energy density ≈ 2 Dρ 3 /6m.
The author would like to draw the readers' attention to a few mathematical techniques. The Z-functions and Z-δ expansions (Appendices A and B), an extension of the familiar δ function method, facilitate the derivation of the smallmomentum and the large-volume expansions. The method of tail-singularity separation, as described in Appendix C, enables us to evaluate many lattice sums with virtually arbitrary precision. The utility of these methods is certainly not limited to the present work. The following methods are used to evaluate lattice sums: tail-singularity separation, Poisson summation formula, and convergence acceleration (based on the large-n asymptotics of the summands).
To evaluate a lattice sum n X(n) (sum over 3-vectors of integers), where X(n), as a continuous function, has both singularity in the real-n space and a power-law tail at large n, we sometimes break X(n) in two pieces: X(n) = X 1 (n) + X 2 (n), such that X 1 (n) has singularity but no power-law tail (ie, decays much more rapidly at large n), while X 2 (n) has power-law tail but is sufficiently smooth. n X 1 (n) is done directly, while all n X 2 (n) is approximated by d 3 nX 2 (n) to a very high precision. We call this method tail-singularity separation (TSS).
For instance, to compute α s (s = 1, 2, 3 · · · ), we write n −2s = s−1 i=0
+ X 2 (n), where η > 0 is small. X 2 (n) is very smooth, so all n X 2 (n) is approxi-mated by an integral. Straightforward algebra yields 2 /η ) results from the approximation all n X 2 (n) ≈ d 3 nX 2 (n) [35] . Equation (C1) applies to both s = 1 and s = 2, 3, · · · . At η = 1/10, one already gets about 43-digit precision for α s .
The TSS is not an arbitrary exponential accelaration method. For example, n =0 n −3 is not sufficiently accelerated by n =0 exp(−ηn
is not smooth enough: it contains a term ∼ |n| 3 at small n which is singular. Inspired by Takahasi and Mori's quadrature method [36] , we obtain a proper TSS formula: 1/n 3 − πη/2n 2 = 2/[1 + exp(π sinh ηn)]n 3 + S(n),
where S(n) is smooth. We then easily derive (all the lattice sums below, except β 1A , are used in computing C 0 and C 1 ): 
and similarly for α 
where l(x) ≡ ln tanh In addition, at large n we derive asymptotic formulas ρ A1 (n) = ρ 
